ABSTRACT. We deal with the (Zω, χ)-theta Fock-Bargmann space consisting of holomorphic automorphic functions associated to given discrete subgroup in C g of rank one and given character χ. We give concrete description of its elements, it looks like a tensor product of a theta Fock-Bargmann space on the complex plane C and the classical Fock-Bargmann space on C g−1 . Moreover, we construct an orthonormal basis and we give explicit expression of its reproducing kernel function in terms of Riemann theta function.
INTRODUCTION
Let V g C = C g be a g-dimensional complex vector space endowed with a positive definite hermetian form H(u, v). Associated to discrete subgroup Γ r of rank r; 0 ≤ r ≤ 2g, in the 2g-real vector space V where χ is a given mapping on Γ r such that |χ(γ)| = 1. We define the norm f Γ r to be the one associated to the inner scaler product
f (u)g(u)e −H(u,u) dλ(u), (1.2) where dλ(u) is the usual Lebesgue measure on V g C and Λ(Γ r ) is a fundamental domain of Γ r , which represents in V 2g R the orbital group V 2g R /Γ r with respect to its quotient topology. In fact, for every f , g satisfying (1.1), the function f (u)g(u)e −H(u,u) is Γ r -periodic the quantity in (1.2) makes sense and is independent of the choice of Λ(Γ r ). Then one performs the functional space F 2 Γ r ,χ (V 
For maximal rank (r = 2g), the Λ(Γ 2g ) is compact and the space F 2
, and is of finite dimension that is given by explicit formula involving the volume of the complex torus C g /Γ 2g . The spectral properties relevant to the (L 2 , Γ 2g , χ)-theta functions are investigated in [2, 5] . This was worked out by rather different methods in [4] for χ ≡ 1.
In spite of the fact that some analytical aspects of the (L 2 , Γ r , χ)-automorphic functions for lower rank (r = 0) and maximal rank (r = 2g) were known and were well discussed in the literature, the general problem for nontrivial non-compact lattices (i.e. Γ r is of rank 1 ≤ r ≤ 2g) is still far from being understood. The first investigation in this direction has being discussed recently in [6] dealing with the rank 1 in two dimension. It is shown there that for χ being a character the (Z, χ)-theta Fock-Bargmann space F 2,ν Γ,χ (C) is of infinite dimension and an orthonormal basis of such Hilbert space is constructed explicitly, to wit
for varying n ∈ Z and some fixed real number α. Moreover explicit expression of the reproducing kernel is given there in terms of the modified theta function
where z ∈ C and τ is confined to the upper half-plane. In [7] , chaoticity of a shift operator on the obtained basis is studied by Intissar.
In the present paper we follow in spirit [6] by Ghanmi and Intissar in order to generalize their results to high dimension. More precisely, we deal with the space F 2 Γ,χ (V g C ) corresponding to the nontrivial discrete subgroup Γ = Zω in V g C with g ≥ 2. Our main aim is to construct a concrete orthonormal basis of F 2 Γ,χ (V g C ) and to explicit its reproducing kernel. In fact, the space
satisfying the growth condition
for some holomorphic functions ψ n and where ψ n
denotes the square norm where
The corresponding reproducing kernel function is given explicitly in terms of the theta function (given through 1.5) by
for u = zω + u and v = wω + v, so that
The layout of the paper is as the following. In Section 2, we give some basic properties of the space F 2 Zω,χ (V g C ) that we need in the elaboration of our main results. We begin with the non-triviality condition and next we describe their elements by giving their explicit expansions. Section 3, is devoted to the exact statement of the main results and to their proofs. Mainely, we construct an explicit orthonormal basis of F 2 Zω,χ (V g C ) and express its reproducing kernel function in terms of the modified Riemann theta function.
PRELIMINARIES AND FIRST PROPERTIES
Let Γ = Zω be a discrete subgroup of rank one in (V ⊥ is generated by some C-linearly
C , so that any element u in V g C can be identified its coordinates in the basis {ω, ω 2 , · · · , ω g }, i.e.
Moreover, the fundamental cell can be identified to
For simplicity, we have to choose ω j such that
The functional equation (1.1) can be written in the complex coordinates (z, z ), with respect to such fixed basis, as follows:
for every m ∈ Z, where we have set
Remark 2.1. In the functional equation (2.4), the z can be seen as parameter. Thus we are dealing only with the one complex variable z. Nevertheless, the condition of L 2 -integrable will involves such parameter as we will see later.
Below, we provide sufficient and necessary condition on the mapping χ to the functional space
as well as
For instance, by equating the right hand sides of (2.6) and (2.7), we see that χ satisfies the Riemann-Dirac quantization condition
for every γ, γ ∈ Zω. Now, since H takes real values on Zω × Zω, we get (H(γ, γ )) = 0 and therefore the cocycle condition (2.8) becomes equivalent to say that χ is a character of Zω.
Remark 2.3. The Riemann-Dirac quantization condition RDQ given through (2.8) can be interpreted geometrically and algebraically as follows:
• Geometric interpretation: The RDQ condition is equivalent to that the complex valued function J ,χ (γ, u) := χ(γ)e i (H(u,γ)) , on Γ × V g C , be an automorphy factor satisfying the chain rule, J ,χ (γ 1 + γ 2 , u) = J χ (γ 1 , u + γ 2 )J χ (γ 2 , u), so that the mapping φ γ (u; v) := (u + γ; χ(γ)e i (H(u,γ) ) .v) defines an action of Γ on V To establish our main result, we need the following. Proof. Let f be a holomorphic function displaying (2.4) and let h be a function defined by
we get
for every (z, z ) ∈ C × C g−1 , and for every m ∈ Z . Then, for every fixed z , the function
is a Z-simply periodic function with respect to z and in the x-direction, with z = x + iy; x, y ∈ R. Therefore, it can be expanded as ( [1, 8] ):
(2.14)
The involved series converge absolutely and uniformly on compact subsets of C. The Fourier coefficients ψ n (z ); n ∈ Z, are given by
Based on 2.15, the functions z −→ ψ n (z ) are holomorphic on the whole V 1 C ⊥ for the integrand function. Finally, using (2.13) and (2.14), we get that Proof. In view of Lemma 2.4, we see that e α,ν
What is to prove is the orthogonality, indeed by proceeding as in the proof of Lemma 2.4, we get
This completes the proof.
MAIN RESULTS
The first main result of this paper is Theorem 3.1 below which gives concrete description of the space
Precisely, we assert
and only if it can be written as
where the series converge uniformly on each thinner strip. The functions ψ n are holomorphic on
⊥ and satisfying the growth condition
denotes the square norm of ψ n in the Hilbert space L 2 (V 1
Proof. We make use of Proposition 2.6, to expand any holomorphic function f satisfying (2.10) as
where ψ n are holomorphic functions on V 1 C ⊥ , and where we have set
So that
Thus, by Fubini theorem we obtain 
Inserting this in (3.4) yields
The value of the first integral in the right hand side of the last equality follows from (2.11).
The second one leads to the square norm of ψ n in the Hilbert space
Thence,
Remark 3.2.
In view of the growth condition (3.2), it is clear that the holomorphic function z −→ ψ n (z ), n ∈ Z, belongs to the usual Bargmann space
and therefore can be expanded as
Thence, it follows from Theorem (3.1) that any function f belonging to F 2 Γ,χ (V g C ) has the following expansion series
, and every (z, z ) ∈ C × C g−1 , we have
It should be understood that the summation is over n ∈ Z such that ψ n is not zero.
This follows by applying appropriately the Cauchy Schwartz inegality to the expansion series of f given throug (2.16). So that for every compact set K of C × C g−1 , there is a constant C K ≥ 0 such that
This can be used in a classical way to prove the F 2 Γ,χ (V g C ) is a Hilbert space . Moreover, we assert where |k| = k 2 + k 3 + · · · + k g , and k! = k 2 !k 3 ! · · · k g !.
Proof. Note first that the functions e = 0 and therefore a n ,k = 0 for every n ∈ Z and k ∈ (Z + ) g−1 . This shows that f is identically zero and so the orthogonal of Span{e α,ν n,k , n ∈ Z} reduces to zero. This completes the proof. As immediate consequence of provious theorem, we have
